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Abstract
The main purpose of this paper is to introduce and investigate a class of generalized
Bernoulli polynomials and Euler polynomials based on the q-integers. The
q-analogues of well-known formulas are derived. The q-analogue of the
Srivastava-Pintér addition theorem is obtained. We give new identities involving
q-Bernstein polynomials.
1 Introduction
Throughout this paper, we always make use of the following notation: N denotes the set
of natural numbers, N denotes the set of nonnegative integers, R denotes the set of real
numbers, C denotes the set of complex numbers.
The q-shifted factorial is deﬁned by













, |q| < ,a ∈C.
The q-numbers and q-numbers factorial are deﬁned by
[a]q =
 – qa
 – q (q = ); []q! = ; [n]q! = []q[]q · · · [n]q, n ∈N,a ∈C,








The q-analogue of the function (x + y)n is deﬁned by








q  k(k–)xn–kyk , n ∈N.
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The q-binomial formula is known as














q  k(k–)(–)kak .










( – ( – q)qkz) ,  < |q| < , |z| <











 + ( – q)qkz
)
,  < |q| < , z ∈C.
From this form, we easily see that eq(z)Eq(–z) = . Moreover,
Dqeq(z) = eq(z), DqEq(z) = Eq(qz),
where Dq is deﬁned by
Dqf (z) :=
f (qz) – f (z)
qz – z ,  < |q| < ,  = z ∈C.
The above q-standard notation can be found in [].
Over  years ago, Carlitz extended the classical Bernoulli and Euler numbers and poly-
nomials and introduced the q-Bernoulli and the q-Euler numbers and polynomials (see
[, ] and []). There are numerous recent investigations on this subject by, among many
other authors, Cenkci et al. [–], Choi et al. [] and [], Kim et al. [–], Ozden and
Simsek [], Ryoo et al. [], Simsek [, ] and [], and Luo and Srivastava [], Srivas-
tava et al. [], Srivastava [], Mahmudov [].
We ﬁrst give here the deﬁnitions of the q-Bernoulli and the q-Euler polynomials of
higher order as follows.
Deﬁnition  Let q,α ∈ C,  < |q| < . The q-Bernoulli numbers B(α)n,q and polynomials




















, |t| < π .
Deﬁnition  Let q,α ∈C,  < |q| < . The q-Euler numbersE(α)n,q and polynomialsE(α)n,q(x, y)




















, |t| < π .
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It is obvious that
B(α)n,q =B(α)n,q(, ), limq→–B
(α)
n,q(x, y) = B(α)n (x + y), limq→–B
(α)
n,q = B(α)n ,
E(α)n,q = E(α)n,q(, ), limq→–E
(α)
n,q(x, y) = E(α)n (x + y), limq→–E
(α)




n,q(x, ) = B(α)n (x), limq→–B
(α)




n,q(x, ) = E(α)n (x), limq→–E
(α)
n,q(, y) = E(α)n (y).
Here B(α)n (x) and E(α)n (x) denote the classical Bernoulli and Euler polynomials of order α



















In fact, Deﬁnitions  and  deﬁne two diﬀerent types B(α)n,q(x, ) and B(α)n,q(, y) of the
q-Bernoulli polynomials and two diﬀerent types E(α)n,q(x, ) and E(α)n,q(, y) of the q-Euler
polynomials. Both polynomialsB(α)n,q(x, ) andB(α)n,q(, y) (E(α)n,q(x, ) and E(α)n,q(, y)) coincide
with the classical higher-order Bernoulli polynomials (Euler polynomials) in the limiting
case q → –.
For the q-Bernoulli numbersBn,q and the q-Euler numbers En,q of order n, we have
Bn,q =Bn,q(, ) =B()n,q(, ), En,q = En,q(, ) = E()n,q(, ),
respectively. Note that the q-Bernoulli numbersBn,q are deﬁned and studied in [].
The aim of the present paper is to obtain some results for the above newly deﬁned
q-Bernoulli and q-Euler polynomials. It should bementioned that q-Bernoulli and q-Euler
polynomials in our deﬁnitions are polynomials of x and y, andwhen y = , they are polyno-
mials of x, but in other deﬁnitions they are functions of qx. First advantage of this approach
is that for q → –,B(α)n,q(x, y) (E(α)n,q(x, y)) becomes the classical BernoulliB(α)n (x + y) (Euler
E(α)n (x + y)) polynomial, and we may obtain the q-analogues of well-known results, for ex-
ample, those of Srivastava andPintér [], Cheon [], etc.The second advantage is thatwe
ﬁnd the relation between q-Bernstein polynomials and Phillips q-Bernoulli polynomials
and derive the formulas involving the q-Stirling numbers of the second kind, q-Bernoulli
polynomials and Phillips q-Bernstein polynomials.
2 Preliminaries and lemmas
In this section we provide some basic formulas for the q-Bernoulli and q-Euler polynomi-
als in order to obtain themain results of this paper in the next section. The following result
is a q-analogue of the addition theorem for the classical Bernoulli and Euler polynomials.

















E(α)k,q(x + y)n–kq ,



































E(α)k,q(, y)xn–k . ()
In particular, setting x =  and y =  in () and (), we get the following formulas for






































































Clearly, () and () are q-analogues of
















Lemma  We have
Dq,xB(α)n,q(x, y) = [n]qB
(α)
n–,q(x, y), Dq,yB(α)n,q(x, y) = [n]qB
(α)
n–,q(x,qy),
Dq,xE(α)n,q(x, y) = [n]qE
(α)
n–,q(x, y), Dq,yE(α)n,q(x, y) = [n]qE
(α)
n–,q(x,qy).
Lemma  (Diﬀerence equations) We have
B(α)n,q(, y) –B(α)n,q(, y) = [n]qB
(α–)
n–,q(, y), ()
E(α)n,q(, y) +E(α)n,q(, y) = E(α–)n,q (, y), ()
B(α)n,q(x, ) –B(α)n,q(x, –) = [n]qB
(α–)
n–,q(x, –),
E(α)n,q(x, ) +E(α)n,q(x, –) = E(α–)n,q (x, –).
From () and (), () and (), we obtain the following formulas.
Lemma  We have
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E(α)k,q(, y) +E(α)n,q(, y)
]
. ()
Putting α =  in () and () and noting that
B()n,q(, y) = E()n,q(, y) = qn(n–)/yn,
we arrive at the following expansions:

















Ek,q(, y) +En,q(, y)
]
,
which are q-analogues of the following familiar expansions:



































































































































E(α–)j,q (, y). ()
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3 Explicit relationship between the q-Bernoulli and q-Euler polynomials
In this section we investigate some explicit relationships between the q-Bernoulli and
q-Euler polynomials. Here some q-analogues of known results are given. We also obtain
new formulas and some of their special cases below. These formulas are some extensions
of the formulas of Srivastava and Pintér, Cheon and others.
We present natural q-extensions of the main results in the papers [] and [], see
Theorems  and .


























































































































=: I + I.
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It remains to use the formula (). 
Next we discuss some special cases of Theorem .








































































holds true between the q-Bernoulli polynomials and q-Euler polynomials.
Corollary  ([]) For n ∈N,m ∈N, the following relationship holds true:




























 +m(x – )
)k–]En–k(my).
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The formulas ()-() are the q-extension ofCheon’smain result []. Notice thatB,q =
– []q , see [], and the extra term becomes zero for q → –.











































































hold true between the q-Bernoulli polynomials and q-Euler polynomials.










m ) – 
t ·
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m ) – 
t ·
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and is similar to that of Theorem . 
Next we discuss some special cases of Theorem .
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mjEj,q(x, –) –mk+Ek+,q(x, )
]
Bn–k,q(,my)
holds true between the q-Bernoulli polynomials and q-Euler polynomials.
Corollary  ([]) For n ∈N,m ∈N, the following relationships hold true:













































q  k(k+)yk+ –Ek+,q(, y)
)
Bn–k,q(x, ).
Corollary  For n ∈N, the following relationships hold true:





















These formulas are q-analogues of the formula of Srivastava and Pintér [].
4 q-Stirling numbers and q-Bernoulli polynomials
In this section, we aim to derive several formulas involving the q-Bernoulli polynomials,
the q-Euler polynomials of order α, the q-Stirling numbers of the second kind and the
q-Bernstein polynomials.
Theorem  Each of the following relationships holds true for the Stirling numbers S(n,k)
































mj–nE(α)k,q(, y)S(n – k, j).
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where k ∈N. Next we give the relationship between q-Bernstein basis deﬁned by Phillips







xk( – x)n–kq .








































































Finally, in their limit case when q → –, this last result () would reduce to the following
formula for the classical Bernoulli polynomials B(k)n (x) and the Bernstein basis bn,k(x) =( n
k
)
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